Trigonimetrical Multi-angle Expansion using Complex Numbers

In this context, 2 = cos@ +isinf, .. 2" =cosnf +isinnd , where n € R+

n
2" = (cosf +isinf)" = Z Clrcos" "6 -i"sin" 0
r=0
Ways to remember the following formulae:
1. For cos, coefficents are the odd terms of the Pascal’s Triangle; for sin, they are the even ones.
(cos: 1-1, 1-3, 1-6-1, 1-10-5, 1-15-15-1, 1-21-35-7, ...; sin: 2, 3-1, 4-4, 5-10-1, 6-20-6, 7-35-21-1, ...)
. The odd terms are positive; the even terms are negative. (+—+ —...)
. For cos, first term is cos™ @ (or cos™ @ sin® §); for sin, first term is cos™ ' 6 sin 6.

. After the first term, the index of cos decreases by 2 and that of sin increases by 2 each term on.

sinnf
cos nb

Tt o= W N

. For tan, it is a ratio of with a factor of cos™ 6 taken out from each term to make it tan” 6.

When n is odd:

k
cosnf = Z(—l)scg; cos" %50 -sin** 0, wheren =2k+1.
s=0

1
eg.n=3k=1: cos30= Z(—l)SCSS cos> 259 - sin?* § = cos® § — 3cosfsin? O

s=0
=c0s® — 3cos (1 — cos?0) = 4cos® O — 3cos 0
2
n=>5k=2: cosbf = Z(—l)SCg’S cos” ™25 0 - sin®** § = cos® § — 10 cos® §sin® f + 5 cos O sin* 0
s=0

= c0s” 0 — 10cos® (1 — cos® ) + 5cos O(1 — cos? 0)% = 16 cos®  — 20 cos® O + 5 cos 0

k
sinnf = Z(fl)scggﬂ cos" "D g gin?* 1Y where n =2k 41 .
s=0

1
eg.n=3k=1: sin3f= 2:(—1)50:235Jrl cos> ™21 g . sin?5+1 9 = 3 cos? A sin O — sin® 0

s=0
=3(1 —sin?#)sinf — sin® § = 3sinf — 4sin® 9
2
n=>5k=2: sinhf = 2(71)302554_1 cos”~ (25t g sin25+1 g = 5cos* 0 - sinf — 10 cos? § - sin® 6 + sin® f
s=0

=5(1 —sin?0)?sinf — 10(1 — sin? ) sin® @ + sin® § = 16 sin® § — 20sin® # + 5sin 0

k‘ S n S
Y o(=1)5CH | tan**1 o
b (—1)°C3, tan® 0

Zizo(—l)scg’s“ tan***10  3tand — tan® 0

tannfd = , wheren=2k+1.

eg.n=3k=1: tan3f =

S (~1)sC3, tan® @ - 1-3tan?0
5 k=2 tan50 Zizo(—l)ng‘sH tan?t10  5tand — 10tan® 0 + tan® 0
n = = : n = =
’ S22 (—1)5C3, tan® 6 1—10tan?0 + 5 tan® 0



When n is even:

k
cosnf = Z(—l)SC’gs cos™ %50 -sin** 0, where n = 2k .
s=0

1
eg. n=2k=1: cos20= Z(—I)SCQQS cos?72% 0 - sin?* § = cos? § — sin” 0
s=0
2
n=4k=2: cosdf = Z(—l)ngs cos? 7290 - sin®* @ = cos* § — 6 cos fsin?  + sin? 6

s=0
k—1
sinnf = Z(—l)scg;H cos"~ 25TV 9. sin?*t19 | where n = 2k .
s=0
0
eg.n=2k=1: sin20= Z(—l)SCQZSH cos?~(25FD) g . gin?"F1 g = 2 cos B sin O
s=0

1
n=4~k=2: sin4d= Z(—l)SC’§S+1 cos?=(5HD) g sin25F1 9 = 4 cos® O sin @ — 4 cos O sin® 0
s=0
= 4cosfsinf (cos® f — sin? ) (=2-sin26 - cos 26)

S (—1)*Cgy tan? T g
Sa_o(—1)*CY, tan> 6

Yaoo(=1)°C3,  tan® 10 2tand

tannf = , wheren=2k+1.

eg.n=2k=1: tan20=

S (—1)sC2 tan? @ ~ 1—tan%0
Ah— 9 tandg — Zemo( T Ch tan® 0 dtan6 — 4tan® 6
n=4k=2: tandf = —
Zizo(—l)ngs tan2s 0 1 —6tan? 6 + tan*

An Interesting Example: Equation z* 4 42® — 622 — 42 4+ 1 = 0 can be expressed as:

dr — 423
4 2 _ 3 : _
x* — bx +1—4$—4a§' 5 1.e. 1—m
4tanh — 4tan® 9
Let x = tanf, then RHS = an 5 an > = tan40
1 —6tan“ 6 + tan=0
tan46 =1, 40 = km + 7  where k=0,1,2,3

— T _ @w 57 9w 13w
0=k+1) 1= 16 16> 16 i6

z=tan”" ({5), tan~" (§F), tan™" (35) , tan~" (5F)



